We derive the gravitational radiation-reaction force modifying the Effective One Body (EOB) description of the conservative dynamics of binary systems. Our result is applicable to general orbits (elliptic or hyperbolic) and keeps terms of fractional second post-Newtonian order (but does not include tail effects). Our derivation of radiation-reaction is based on a new way of requiring energy and angular momentum balance. We give several applications of our results, notably the value of the (minimal) "Schott" contribution to the energy, the radial component of the radiationreaction force, and the radiative contribution to the angle of scattering during hyperbolic encounters. We present also new results about the conservative relativistic dynamics of hyperbolic motions.
I. INTRODUCTION
The Effective One Body (EOB) formalism [1] [2] [3] [4] is an approach to the relativistic dynamics of gravitationally interacting binary systems which was originally proposed as a way to extend the validity of the usual post-Newtonian (PN) formalism beyond the slow-motion (v 2 /c 2 ≪ 1) and weak-field (GM/(c 2 r) ≪ 1) regime. The EOB approach is made of three, basic building blocks:
1. a description of the conservative (Hamiltonian) part of the dynamics of two compact bodies;
2. an expression for the radiation-reaction force F F F which must be added to the conservative, Hamiltonian equations of motion; 3. a description of the asymptotic gravitational waveform emitted by the binary system. The building block 1, i.e., the EOB Hamiltonian, has been analytically computed with an increasing accuracy in a sequence of papers, both for non-spinning black holes [1, 3] , for spinning black holes [4] [5] [6] [7] [8] and for systems involving tidally-deformed bodies [9, 10] . In addition, the comparison between the EOB dynamics and numerical simulations of binary systems has allowed one to improve the knowledge of some of the functions entering the EOB Hamiltonian (see Ref. [11] for a review). More recently, results from gravitational self-force theory [12] have also allowed one to learn new information about the EOB formalism (See Ref. [13] for recent progress and references). The description of the second building block, i.e. the radiation-reaction force F F F has also improved over the years, both through the conception of new resummation methods [14] and from the comparison with numerical simulations (both in the comparable-mass case [15, 16] , and in the extreme-mass-ratio case [17] [18] [19] ). The same remarks apply to the third building block, i.e., the gravitational waveform.
While the EOB Hamiltonian is able to describe the conservative dynamics of general binary orbits (quasicircular, elliptic-like or hyperbolic-like), the currently existing accurate implementations of the radiation-reaction force and of the emitted waveform are limited to the case of quasi-circular, inspiralling orbits. The main reason behind this limitation is that the EOB program was originally motivated as a tool for computing accurate waveforms from the type of circularized binary systems that are likely sources for ground-based interferometric gravitational wave detectors. However, the progress in numerical relativity simulations has opened the possibility of numerically exploring the dynamics of binary systems in more exotic configurations. For instance, Refs. [20, 21] have considered high-velocity encounters of black holes and other bodies, and Ref. [22] has considered eccentric orbits of binary black holes. We anticipate that more simulations of general orbits will become routinely possible in the near future. See Ref. [23] for a recent example, and more references.
This perspective motivates the main aim of the present work, namely, to provide an expression of the radiationreaction force F F F along general orbits (elliptic or hyperbolic) within the EOB formalism. [We leave to future work a corresponding generalization of the EOB gravitational waveform.]
Gravitational radiation-reaction, notably in binary systems, has a long history. Let us only recall that three general different approaches have been used. The first approach derives the full equations of motion of matter (including both conservative and radiative effects) from a direct integration of the retarded field generated by the source. Because of its difficulty, this approach has been implemented essentially only up to the next-to-leading order in F F F , i.e., at the fractional 1PN accuracy [24] [25] [26] [27] [28] .
A second approach focuses on the radiation-reaction piece in the equations of motion and derives it by using a matching between between the near-zone field and the wave-zone field. This approach has been also implemented only up to the next-to-leading order in F F F [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , with some vistas on the effect of tails [39] .
Finally, a third approach is based on requiring a balance between the losses of mechanical energy and angular momentum radiated by gravitational waves at infinity. This "third" balance approach has been particularly developed by Iyer and Will and their collaborators [33, 34, 40] and has been implemented to a higher PN accuracy than the other approaches, namely the nextto-next-to-leading order in F F F , i.e., the fractional 2PN accuracy [40] .
Note, however, that Ref. [40] does not include the effect of tails. We shall, similarly, postpone the inclusion of tails (entering at the fractional 1.5PN, v 3 /c 3 , level) to future work. We note that Ref. [39] has shown that the tail contribution to F F F satisfies the balance requirement. In view of the technical efficiency of the balance approach (and of the direct proof by several authors of the consistency between this approach and other ones [33, 34] ), we shall also base our work on this approach. However, instead of attempting to "translate" the radiation-reaction force F F F derived in Refs. [33, 34, 40] (which was derived in harmonic coordinates, and was expressed in terms of quasi-Newtonian equations of motion) into the EOB formalism (which uses different coordinates, and Hamiltonian equations of motion), we found more efficient to develop a new way of using the balance approach. We shall explain in detail below our new way of implementing the balance approach.
Let us only say here that it is based on three essential ingredients: (i) we start from the 2PN-accurate expressions of the fluxes of energy and angular momentum, Φ E and Φ J , that have been derived in the PN literature [41] [42] [43] [44] [45] (see references [46] [47] [48] [49] [50] for recent higher PN accuracy results). These fluxes are expressed in terms of three scalars v 2 h ,ṙ 2 h and GM/r h , where x h and v h denote harmonic coordinate and velocities (of the relative orbit). Then, (ii) we derive the transformation connecting the three scalars v 2 h ,ṙ 2 h and GM/r h to the three scalars that are natural within the EOB formalism, namely p e 2 , p 2 e r and GM/r e , where x e and p e denote EOB coordinates and momenta. Finally, (iii) we introduce a new way of using the two EOB-expressed fluxes Φ E (x e , p e ) and Φ J (x e , p e ) to derive the two independent components of the radiation-reaction force F (eob) r (x e , p e ) = F F F (eob) · n e , F (eob) φ (x e , p e ) = (x e × F F F (eob) ) · e z .
The structure of this paper is as follows. We present in Sec. II our new way of implementing the balance approach. Then, in Sec. III, after presenting a brief review of the EOB formalism, we apply our method to the 2PN-accurate EOB-variables forms of Φ E and Φ J , and derive explicit expressions for F . We also obtain the explicit expressions of the associated "Schott" energy contribution. Sec. IV discusses the gauge freedom in F F F and explains how it is related to the freedom in defining the Schott contributions to the energy and angular momentum. Then, Sec. V gives some applications of our results, and discusses notably the scattering angle during hyperbolic encounters, and its modification by radiation-reaction effects. We summarize our main results in Sec. VI, and discuss future directions. Finally, to relieve the tedium we have relegated several explicit technical details to various appendices.
II. A NEW APPROACH TO RADIATION-REACTION
Here, we introduce a new approach to the computation of radiation reaction by the balance method. Let us consider the effect of adding a radiation-reaction force, say F i , to the Hamiltonian form of the equations describing the relative motion of a binary system (with masses m 1 and m 2 )
Here H(x, p) denotes the Hamiltonian and a dot denotes differentiation with respect to time. When considering the motion within the orbital plane, we can take as coordinate and momenta x i = (r, φ) and p i = (p r , p φ ). Correspondingly, the radiation-reaction will have two independent components: F r and F φ .
Let us see how one can determine the two force components F r and F φ by writing balance equations for the energy and the angular momentum of the binary system, namely E (system) (t) = H(x(t), p(t)) − (m 1 + m 2 )c 2 J (system) (t) = p φ (t) .
(2.2)
On the one hand, the equations of motion (2.1) yield the following time changes for E (system) (t) and J (system) (t)
3)
The explicit form of these two equations read (when using the fact that H does not depend on φ) E (system) (t) =ṙF r +φF φ (2.4) andJ (system) (t) = dp φ dt = F φ .
5)
It will also be useful to consider the following combination of these two equationṡ E (system) −φJ (system) =ṙF r . (2.6)
Formally speaking, Eqs. (2.4) and (2.5) provide two equations relating the two unknowns F r and F φ to the losses of energy and angular momentum.
On the other hand, we require that there is a balance between the energy and angular momentum losses of the system, and the corresponding energy and angular momentum fluxes (in the form of gravitational waves) at infinity, say Φ E and Φ J . As was pointed out by Schott long ago [51] , one cannot, however, simply equateĖ (system) andJ (system) to, respectively, −Φ E and −Φ J . One must allow for the existence of Schott terms that represent additional contributions to the energy and angular momentum of the system, due to its interaction with the radiation field, say E (schott) (t) = E (schott) (x(t), p(t)) and J (schott) (t) = J (schott) (x(t), p(t)). The correspondingly modified balance equations then reaḋ
Inserting the identities (2.4), (2.5) into (2.7) leads to the following two conditions on the two components of the radiation-reaction forcė
Up to now, all the equations we have written down are equivalent to the standard "balance approach" to radiation-reaction, as used, in particular, by Iyer, Will and collaborators [33, 34, 40, 41] , except for the fact that we are working within a Hamiltonian framework. Let us now explain the new, simplifying features of our approach.
The first simplifying feature is to note that it is always possible to impose the condition that the Schottcontribution to the angular momentum vanishes:
The proof that this is possible is simply that, after imposing Eq. (2.9), we shall be able to find a solution to the general balance equations (2.8). Indeed, after making the assumption (2.9), we can use the second Eq. (2.8) to determine the instantaneous value of the φ-component of the radiation-reaction force, in terms of the corresponding instantaneous J-flux:
Let us note in passing that the result (2.10) for F φ is standardly used in the current implementations of the EOB equations of motion [11] . Then, by inserting the result (2.10) into the first equation (2.8), we get an equation involving only F r andĖ (schott) , namelẏ
where we introduced the notation
As we shall discuss in detail in the next section, we assume here that we have in hands explicit expressions for Φ E , Φ J (as well as for the "combined flux" Φ EJ ) as functions of the instantaneous dynamical state of the system. Within a Hamiltonian framework it means
[Note that, by Hamilton's equations, the instantaneous orbital frequencyφ entering Φ EJ is a function of position and momenta, given byφ(x, p) = ∂H(x, p)/∂p φ . As we shall further discuss below, contrary to Φ E and Φ J ,φ is not a gauge invariant quantity; we shall only consider its explicit expressionφ(x, p) in EOB coordinates.] While Eq. (2.10) provides an explicit expression for F φ in terms of the instantaneous state of the system, our remaining problem is to show how Eq. (2.11) can be used to determine both F r (x, p) and E (schott) (x, p). Let us now explain how this can be done.
The basic idea is that the specific combination Φ EJ has the property of vanishing along circular motions. Indeed, it is well known that (because of the monochromatic nature of the emitted radiation) one has Φ E = ΩΦ J along a circular motion with orbital frequency Ω. As a consequence, when considering general, noncircular motions, Φ EJ will necessarily be given by an expression which can be written as a combination of the two independent quantities that vanish along circular motions, namely 14) where the factor r in Z 2 is introduced for later convenience. [See Sec. IIIC where we will work with rescaled versions of Z 1 and Z 2 that have the same dimensions.] Here, we are availing ourselves of several simplifications that are allowed at the PN accuracy at which we shall be working. First, as we shall explicitly check, the combination Φ EJ (x, p) is invariant under time reversal, and can therefore be expressed as a function of p 2 r ∼ṙ 2 , rather than simply of p r ∼ṙ. Second, modulo terms of 5PN order (i.e., O(1/c 10 )) one can neglect the F r contribution to the link betweenṗ r and −∂H/∂r.
We can then write
where Φ 1 and Φ 2 exist but are not uniquely defined. For instance, we can move a term ∝ Z 2 in Φ 1 to Φ 2 , and reciprocally a term ∝ Z 1 in Φ 2 to Φ 1 . We shall discuss below the effect of these ambiguities in the definition of Φ 1 and Φ 2 .
Operating by parts on the second expression (2.15) (which involvesṗ r ), we can then write 16) which is a decomposition of Φ EJ in a part proportional to p r (and therefore toṙ, in view ofṙ = ∂H/∂p r ), and a total derivative. But, such a decomposition is precisely the content of the balance requirement (2.11).
We therefore see that, given any choice of Φ 1 and Φ 2 such that Eq. (2.15) holds, we can obtain one particular corresponding solution to Eq. (2.11), namely
In keeping with our approximations, the time derivative of rΦ 2 (x, p) in the first Eq. (2.17) should be evaluated along the (conservative) Hamiltonian dynamics, so that F r can be explicitly expressed in terms of the instantaneous dynamical state of the system.
The results (2.17), together with Eqs. (2.9) and (2.10), give a constructive algorithm for determining the two components F r and F φ of radiation-reaction, as well as the Schott contributions to energy and angular momentum. [This contrasts with Refs. [33, 34, 40] which had to use the method of undetermined coefficients.] This proves our claim that is indeed possible to define a radiation-reaction force such that the Schott contribution to the angular momentum vanishes. [By contrast, one can show that it is generally impossible to define F i such that E (schott) vanishes.] We shall discuss later, while implementing our construction, the impact of the non uniqueness in the decomposition (2.15), as well as a simple, algorithmic way of fixing it. Let us only note here that, in keeping with the analysis of Iyer and Will [33, 34] and later developments by Gopakumar et al [40] , all the non uniqueness in the definition of the radiation-reaction F F F has the character of a gauge freedom (and is actually related to possible coordinate changes). This also applies to the freedom of setting J (schott) to zero, that we have used here to simplify the search for F F F .
III. RADIATION REACTION FORCE IN THE EOB FORMALISM
Let us now apply the method explained in the previous section to the construction of the radiation-reaction force in the EOB formalism. To do that, we need the following items:
1. The expressions of the various flux functions Φ E , Φ J and Φ EJ in terms of the positions and momenta of the EOB formalism;
2. An algorithmic way of decomposing Φ EJ (x, p) in the form (2.15).
Before considering these items, let us recall the structure we shall need of the EOB formalism.
A. EOB formalism: a short review
At the 2PN accuracy that we shall consider here, the EOB Hamiltonian for the relative dynamics of two masses m 1 and m 2 , is completely described by the following effective metric
where
Our notation is
It will often be convenient to work with
With an abuse of notation we will then write
The EOB Hamiltonian H (eob) is then defined as the following function of the EOB coordinates (r, φ) and momenta (p r , p φ ) in the plane of the relative trajectory
that is
and
Here we have introduced a tilde to denote the result of a rescaling by the reduced mass µ, e.g.p = p/µ and
where we subtract the rest mass contribution to the energy before scaling by µ. In addition it is convenient to introduce a special notation for some useful rescalings by GM , namely
If we denote by V any quantity having the dimension of a velocity, we note that the dimensions of the GMrescaled quantities u, j, q andt is
In the following, we shall often find convenient to work with the Hamiltonian pair of variables q,p r ; φ, j. These variables are canonically conjugated with respect to the µ-scaled HamiltonianH (eob) = H (eob) /µ, and correspond to an evolution with respect to the GM -scaled timet. For instance, we have
Note also the vectorial relation
where J = r × p is the orbital angular momentum of the system. Let us also note the following relations
with
B. ΦE, ΦJ and ΦEJ in EOB variables
Let us now indicate how one can express the flux functions Φ E , Φ J and Φ EJ in terms of EOB variables.
The first, crucial remark is that Φ E and Φ J are gaugeinvariant quantities, and are scalars. [Note, however, that this is not true for Φ EJ = Φ E −φΦ J , becausė φ is not a gauge invariant quantity (along non-circular orbits), but depends on the chosen coordinate system. Here, we shall only consider the value of the combined flux in EOB coordinates:
This implies that the numerical values of Φ E and Φ J are independent of the choice of coordinates, and of any related choice of dynamical variables. We can therefore start from the results in the literature that have computed Φ E and Φ J , say at 2PN accuracy, in terms of, e.g. harmonic relative coordinates and velocities, x h and v h , and transform these expressions in terms of EOB coordinates and momenta. This transformation is facilitated by the fact that Φ E and Φ J being scalars, are actually expressed in terms of a basis of scalar combinations of x h and v h .
[Here Let us use the notation 
Therefore, starting from the known results for Φ
, it is enough to derive the transformation (taken at a fixed, common dynamical time (3.19) to get the fluxes expressed in EOB variables. When PN-expanded the transformation (3.19) has a polynomial structure, namely,
Here ǫ ≡ 1/c is the PN expansion parameter and the structure of the 2PN-accurate expansion follows from the fact that X A /c 2 ∼ V 2 /c 2 is dimensionless. Actually, we have derived the transformation (3.19) by combining the two transformations that have been explicitly worked out in the literature: (i) the transformation between EOB (q e , p e ) and ADM (q a , p a ) phasespace variables [1, 3, 7] ; and (ii) the transformation between the ADM phase-space variables (q a , p a ) and the harmonic positions and velocities (q h , v h ) [41, 52, 53] .
We give in appendix E the explicit forms of the various transformations (q e , p e ) ↔ (q a , p a ) ↔ (q h , v h ) we used, together with the explicit form of the resulting transformation (3.19) , (3.20) between the corresponding scalars.
By inserting the latter transformation in the results of Refs. [40] for the 2PN-accurate Φ h E , Φ h J we get the explicit expressions of Φ e E , Φ e J in EOB variables. In order to better comprehend the structure of these results it is convenient to introduce a special notation for a general polynomial in X e A . Given a collection of (symmetric) multi-index coefficients C A1A2...Ap , C A1A2...ApAp+1 , . . . , C A1A2...Aq , where 0 ≤ p < q and A i = 1, 2, 3, we denote
where we have q − p + 1 contributions, each one (using Einstein's summation convention) is a sum over all the indices A 1 . . . A n it involves. Also the short-hand notation
will be adopted hereafter, when convenient. Note that in the multisummation where the symmetry factor S(n 1 , n 2 , n 3 ) is given by
In addition, as our basic variables are the EOB ones, we shall often, for brevity, suppress the index e (standing for EOB) on them: X A = X e A . Before considering the higher PN corrections to the energy and angular momentum fluxes it is useful to recall their leading order ("Newtonian order") expressions. They are easily deduced from the well known quadrupolar approximation (see e.g., [54] ), namely 26) with (in the center of mass) 27) using standard notation for symmetric and tracefree tensors. This yields
which have a finite limit when c → ∞ and in which one power of ν has been factored out (so that they will be conveniently related to F F F /µ). With this notation our 2PN-accurate results in EOB variables have the form 30) where the explicit values of the coefficients entering where
the coefficients of which are listed in Appendix A 3.
As indicated above, the first step of our new approach consists in separating out of Φ e EJ either a factor Z 1 = p 2 r or a factor Z 2 = r∂H (eob) /∂r = −rṗ r . As we are working in terms ofp i = p i /µ and GM/r e = 1/q, we replace Z 1 and Z 2 respectively bỹ 
Therefore, at the leading order, X 1 can be solved in terms of X 2 , X 3 and X 4 according to
The extension of this result to 2PN accuracy is obtained by first computingZ 2 (X 1 , X 2 , X 3 ) to higher order, namelyZ 45) where the coefficients ofĈ 1,3 in
are listed in Appendix B. Then one solves (perturbatively) for X 1 in terms of X 2 , X 3 and X 4 , starting with the Newtonian solution (3.44) . This yields Here and below we find often convenient to use an explicit form for the polynomial expansion in powers of X I 's (rather than a tensorial form C I X I + ǫ 2 C IJ X I X J + . . . where one must take into account the symmetry factors associated with each term in the multi summations).
Finally, by substituting the PN expansion of X 
As anticipated, each term in this expression contains either a factorZ 1 = X 2 orZ 2 = X 4 . It can therefore be decomposed in the form (2.15) that we mentioned above. Actually, there are many ways in which such a decomposition can be performed because the term −X 2 X 4 = −Z 1Z2 can be considered either as a part of
We shall define the minimal decomposition (2.15) of a polynomial in the X I 's (which vanishes when X 2 = 0 = X 4 ) as the one of the form
in which the coefficient of X 4 does not contain any dependence on X 2 . (In other words, all the terms ∝ X n 2 are shuffled into the X 2 Φ 2 contribution.) This minimal choice somewhat simplifies the expression of Φ 4 , i.e., the coefficient denoted as Φ 2 in Eq. (2.15)-(2.17). In turn this simplifies both the radial component of radiation reaction and the Schott energy, because, according to our above result (2.17), these contain respectively d Φ 4 /dt and Φ 4 . [Note the mnemonic rule that the indices get multiplied by a factor of two when passing from the notation of Sec. II to the notation here,
For instance, at the Newtonian level, the minimal decomposition of Φ EJ reads Φ e(Newt) EJ
while its 2PN-accurate generalization reads
where we found it convenient to factorize the term (GM /r e ) 3 in the above expression so that Having obtained a particular, minimal decomposition of the 2PN-accurate combined flux Φ EJ (x, p) in the form (2.15), namely Eq. (3.52), we can now apply our general results (2.17), i.e., derive the corresponding minimal expressions of F r and E (schott) . Modulo the µ-rescaling (Ẽ = E/µ,p = p/µ), the prefactor (GM/r e ) 3 and
, the second Eq. (2.17) yields the following minimal Schott energy per unit reduced mass, E
Note that the Newtonian order approximation to the (rescaled) Schott energy reads
where we used Eq. (3.44) to write the second form. The corresponding minimal expression of the (µ-scaled) radiation reaction is obtained from the first Eq. (2.17). To write it explicitly, we first need to derive the value of the ratiop r /ṙ. This is obtained from Hamilton's equatioṅ
accurate expansion which is found to bẽ 61) and the coefficients ofC 1,2 are listed in Appendix B. In terms ofC,Φ 2 andΦ 4 , the radial component of the minimal (µ-scaled) radiation-reaction is given bỹ
Let us also recall that the azimuthal component of the minimal (µ-scaled) radiation-reaction is simply given bỹ
For illustration, let us display the leading-order ("Newtonian order") terms in these expressions. To get in explicit form the leading order expression ofF (eob) r (x, p) we need to perform the time derivative in Eq. (3.62) by using the unperturbed (conservative) equations of motion. Here, we get some simplifications from having chosen Φ 4 as a function of X 3 and X 4 only. Indeed, as X (where p φ is constant along the conservative dynamics), the time derivative of X 3 and X 4 are both proportional toṙ, e.g.
Re-expressing the result in terms ofp r =ṙ(1 + O(c −2 )) we get
which, at this order, could alternatively be written in terms of velocities
The corresponding, Newtonian order, results forF φ (x, p) (Newt) read
The explicit 2PN-accurate versions of our minimalẼ (schott) ,F r andF φ are given in Appendix C and D. They are expressed there in terms of X A = (X The Schott energy as a function of X 2 , X 3 and X 4 (especially useful to study their limiting values along circular orbits) is given by Eq. (3.57), while the radial and azimuthal components of the radiation-radiation force follow from Eqs. (3.62) and (3.63), i.e.,
where I = 2, 3, 4 and the coefficients T I1...In , V I1...In are explicitly displayed in Eqs. (D12)-(D14). Note that if one wishes to expressF φ entirely in terms of X 2 , X 3 and X 4 , the (rescaled) angular momentum term j should also be expanded in terms of X 2 , X 3 and X 4 ; the result is the following
where In the circular orbit limit these quantities reduce to
(3.73)
IV. NON MINIMAL CHOICES AND ASSOCIATED GAUGE FREEDOM
Iyer and Will [33, 34] and later Gopakumar et al. [40] have shown that, at each order in the PN expansion, there is a multi-parameter arbitrariness in the construction of a radiation-reaction force by the balance method, and that this arbitrariness is linked to the freedom in the choice of coordinate gauge. Let us briefly discuss how this arbitrariness enters our approach. First, it can be checked that our simplifying constraint (2.9) that the Schott contribution to the angular momentum vanishes, J (schott) = 0, corresponds to part of the freedom found by Iyer and Will.
Indeed, one easily checks that within their approach, all the (non necessarily vanishing)parameters entering J (schott) are linearly independent, i.e., are unconstrained by the set of linear equations they obtained. Within our approach, this is immediately clear as we have obtained a solution with J (schott) = 0, so that by choosing some given, general (nonzero) expression for J (schott) (such thatJ (schott) vanishes along circular motions) we will be able to straightforwardly construct a corresponding (minimal) radiation reaction force. [Indeed, the condition thatJ (schott) vanishes along circular motion will introduce extra source terms in the equation (2.11) for F r and E (schott) , linked to extra terms linear in Z 1 and Z 2 in the right hand side of (2.11), coming from an extrȧ φ(δF φ ) contribution to Φ EJ , linked to δF φ = −J (schott) .] This freedom in the choice of J (schott) is parametrized by:
where the free gauge parameters parametrize the coefficients of a general polynomial in X I = (X 2 , X 3 , X 4 ). Note that these parameters were indicated differently in previous papers [2, 33, 34] . In particular, the single J-related parameter λ 0 at leading ("Newtonian") order was previously notated as
and was normalized so that λ
. Besides the parameters associated with the (non minimal) choice of a non vanishing J (schott) , there are further arbitrary parameters which, in our approach, correspond to further non minimal choices in the construction of E (schott) . Indeed, our general result (2.17) shows that the arbitrariness in the coefficient Φ 2 of Z 2 in the decomposition (2.15), will directly affect E (schott) , and then F r . [Given a choice of Φ 2 , compatible with (2.15), the corresponding Φ 1 is uniquely determined.] As discussed above, the arbitrariness in Φ 2 is parametrized by a general term ∝ Z 1 = p 2 r = X 2 . In terms of the relevant basis X 2 , X 3 , X 4 (with X 2 ∝ Z 1 and X 4 ∝ Z 2 ) the arbitrariness in Φ 4 ∼ Φ 2 in Eq. (3.41) is of the general form
corresponding to an additional non minimal contribution to E (schott) of the form
) at the 2PN order. In terms of the notation of [40] (if we approximately identify their Lagrangian framework with our Hamiltonian one) these parameters correspond, respectively, to: (i) α 3 , (ii) ξ 2 , ξ 4 , ξ 5 and (iii) ψ 2 , ψ 4 , ψ 6 , ψ 7 , ψ 8 , ψ 9 , i.e. to the following contributions (∝ṙ 3 ) to the Schott energy considered in [40] ): 
for each one of these sources, with a 0 = 1, a 1 = 3, a 2 = 6, a 3 = 10, etc.
V. SOME APPLICATIONS OF OUR RESULTS

A. Schott energy along quasi-circular inspirals
Recently, Damour, Nagar, Pollney and Reisswig [55] have compared several different functional relations E(J) between the energy E and the angular momentum J of a binary system evolving along a radiation-reaction driven sequence of quasi-circular orbits. In particular, they compared a relation E NR (J) obtained from accurate numerical relativity (NR) simulations, to several of the relations E EOB (J) that can be derived from EOB theory (under various approximations). Actually, the NR relation E NR (J) computed in Ref. [55] was obtained by defining the NR energy E NR and the NR angular momentum as being their initial values minus the time integral of their respective NR fluxes, Φ NR E and Φ NR J
(as recorded at infinity). In view of our general balance equations (2.7), we see that (modulo numerical errors) the NR energies and angular momenta can be identified with the sum of the system plus Schott contributions:
On the other hand, one of the tenets of the current implementation of the EOB formalism is to require that the φ-component of the radiation-reaction force be equal, at any moment, to minus the angular momentum flux Φ J .
In
In view of this, it is consistent to identify the instantaneous NR angular momentum J NR (t) with the EOB one J EOB , which indeed measures the angular momentum of the system, J (system) ):
By contrast, in view of the first equation (5.1), the EOB measure of the total energy of the system, defined as
cannot be simply identified with the NR computed energy E NR . Indeed, one expects the relation
In conclusion, as was already pointed out in Ref. [55] , the NR-derived functional relation E NR (J) should differ from the EOB derived one E EOB (J) by the quantity E (schott) (t), re-expressed in terms of the corresponding instantaneous angular momentum J(t) = J NR (t) = J EOB (t). Our results provide, for the first time, the explicit analytical value of E (schott) , namely the first of Eqs. (3.69) (see Appendix C). Note that E (schott) is proportional top r , which stays rather small all along the radiationreaction driven sequence of quasi-circular inspiralling orbits, including most of the subsequent plunge phase (see Fig. 1 of [2] ). The smallness ofp r further implies that the numerical value of E (schott) is approximately gaugeinvariant during the inspiral and the plunge. Indeed, Eq. (4.
In addition, during the inspiral, i.e., before crossing the Last Stable (circular) Orbit (LSO) (schott) (t) is negative (becausep r ∼ṙ < 0 during the inspiral). It would be interesting to take into account the modifications of the EOB/NR comparison of Ref. [55] introduced by the presence of the Schott contribution to the energy (especially during the late inspiral and the plunge). This might allow one to refine the conclusions of Ref. [55] and to extract some information about the exact form of the EOB Hamiltonian.
B. About the radial component of radiation-reaction
When Buonanno and Damour [2] incorporated radiation-reaction effects in the EOB formalism, they suggested that it is possible to use the radiative gauge freedom to put the radiation-reaction force in the simplified form
For instance, at the Newtonian order they argued that the choiceᾱ . This statement is correct. However, this specific choice ofᾱ BD ≡ α IW ≡ β 2GII conflicts with the second requirement (5.9) that F φ be identified with minus the angular momentum flux. Indeed, our results above (as well as the previous results of Iyer and Will) show that the simplifying requirement (5.9) actually determines the value of half of the free gauge parameters entering F i . More precisely, they determine the values of the parameters λ J I1...In (n = 0, 1, 2) entering J (non min) (schott) , Eq. (4.1) (namely λ J I1...In = 0). One the other hand, as pointed out in Sec. IV above, the Newtonian order J (schott) -related parameter λ J 0 happens to be proportional to the parameter α BD = α IW = β 2GII which needed to take the nonzero value (5.10). We see therefore that the choice (5.10) corresponds to a non-minimal (i.e., non vanishing) value for J (schott) , in conflict with the second, simplifying requirement (5.9).
In view of this result, we henceforth advocate to incorporate radiation-reaction in the EOB formalism by consistently enforcing the minimal choice 12) i.e., λ J I1...In = 0. This choice necessarily implies a nonzero value for F r . In particular, if we also require the second minimal choice,
we have seen above that F r is completely determined, and has the form This result is consistent with Eqs. (3.14), (3.18) of [2] with the valueᾱ BD = 0 (i.e., λ J 0 = 0). We leave to future work a detailed study of the consequences of incorporating in the EOB formalism the non-vanishing value ofF r advocated here. The preliminary comparison performed at the end of Sec. V in Ref. [2] (between usingF r /F φ = 0 andF r /F φ =ṙ/(r 2φ )) indicates that the effect of the more consistent value ofF r /F φ found here will be small. However, modern use of EOB theory aims at a very high accuracy in the phasing, for which the new value ofF r will probably have a significant effect. Let us also recall that along circular orbits, one finds (at 2PN order), using X 
The latter equation implies the following expression for the dimensionless frequency parameter x, i.e., The latter expression ofF
as a function of the frequency parameter x agrees with well-known previously derived results (see, e.g., Eq. (4.18) in [43] ).
C. Hyperbolic orbits: conservative aspects
Up to now, the EOB formalism has been applied only to the description of radiation-reaction driven quasicircular orbits, because these are the orbits of greatest relevance for the current network of ground based gravitational wave detectors. However, we anticipate that it will be useful to apply the EOB approach to other orbits, such as elliptic orbits, but also hyperbolic ones. It is now possible to do so because we have provided above a description of radiation-reaction along general motions. Here, we shall consider the case of hyperbolic motions, and focus on the effect of radiation-reaction on the angle of scattering of a gravitationally interacting binary system (considered in the center of mass system).
Before taking into account the additional effects of the radiation-reaction force F i , let us consider the conservative dynamics of hyperbolic encounters (at the 2PN accuracy). We recall that, at the 2PN accuracy, the relative motion in the orbital plane, r(t), φ(t) is described (in any PN gauge; harmonic, ADM or EOB) by equations of the form [26, [56] [57] [58] dr dt
Here we have used the scaled variables (r = r/(GM )),t = t/(GM )), and the prime on any quantity Q denotes a multiplicative modification by higher PN terms of the 
The general solution of the latter (Newtonian-order) equation is the well known polar equation of a conic,
with e (N ) = 1 + 2Ẽj 2 . By contrast, the general solution of the modified Eq. (5.30) will be of the form
where φ 0 is an arbitrary integration constant and wherē e, C and K are functions ofẼj 2 ,Ẽ/c 2 and 1/(cj) 2 which, respectively, reduce to 1 + 2Ẽj 2 , 1 and 1 when 1/c 2 → 0. Note that the quantity K measures the periastron advance
where Φ denotes the period of φ (i.e., u(φ + Φ) = u(φ) in the elliptic case; see below the definition of Φ in the hyperbolic case), and where k is the usual notation for the relativistic contribution to periastron advance. It is given at 2PN by [57] k(Ẽ, j) = 3 (cj) 2 
[See Ref. [60] for the 3PN accurate value of k]. Here, we work with the analytic continuation (inẼ) of the function k(Ẽ, j) from the elliptic-like case (whereẼ < 0) to the hyperbolic-like one (Ẽ > 0). Note that we can further simplify the result (5.33) by modifying the leading-order coefficient 1 in the parenthesis appearing on the right hand side of Eq. (5.29) so as to absorb the coefficient C = 1 + O(c −2 ) in a rescaling ofū. In other words, there exist coefficients 1 ′ = 1+O(Ẽ/c 2 )+O(1/(jc) 2 ), and ǫ 2c 1 , ǫ 4c 2 , ǫ 4c 3 such that the polar equationr(φ) of the orbit takes (at 2PN order) the form
This form is valid in any PN gauge (harmonic, ADM or EOB). We will give below the explicit values of its coefficients in the EOB case. In this form the two coefficients,ē and K entering the rhs acquire a gauge-invariant meaning. This is well known for the periastron advance parameter K (when it is considered for the elliptic-like case), but this is also true (when considering asymptotically flat gauges) for the "eccentricity"ē (when considering the hyperbolic-like case). Indeed, when considering hyperbolic orbits the lhs will vanish both in the infinite past (incoming state,r → +∞) and in the infinite future (outgoing state,r → +∞) so that (choosing the integration constant φ 0 = 0; location of the periastron) φ will evolve from φ − in the infinite past to φ + in the infinite future, where φ − (= −φ + ) and φ + are the two solutions of
i.e. (we are in the hyperbolic case whereē > 1)
The (center of mass) scattering angle, χ (taken with a positive sign) is related to φ ± via
so that we can write χ in terms of K andē according to
Both the scattering angle χ and the periastron precession parameter K are gauge-invariant physical quantities that can be expressed as functions of the two basic gauge-invariant dynamical parametersẼ and j 2 . We see therefore from Eq. (5.40) thatē can also be considered as a gauge-invariant quantity, and can be, in principle, expressed as a function ofẼ and j 2 .
[We shall give below some explicit integral definitions of the functions χ(Ẽ, j) and K(Ẽ, j) from EOB theory.]
At the 1PN accuracy, the invariant eccentricityē coincides with the eccentricity denoted as e θ in [59] 
We have determined the extension of this relation to the 2PN accuracy by using results in the literature on the "quasi-Keplerian" parametrization of the 2PN motion [57, 58] , namely
Here the "eccentric anomaly" u (and its analytic continuationū mentioned below) should not be confused with the gravitational potential variables u = GM/r e ,ū, used above. The form written here corresponds to elliptic-like motions (Ẽ < 0). However, similarly to the Newtonian case (which is recalled in Appendix F) the corresponding parametrization of hyperbolic-like motion is obtained by the simple analytical continuation
which accompanies the continuation ofẼ from negative to positive values, as well as the continuation of the various eccentricities e t , e r , e φ from e i < 1 to e i > 1. In addition, n 2 ∼ GM/a 3 r and a r ∼ −GM/(2Ẽ) are continued from positive to negative values. In this continuation the angular variable v remains real. The radial motion equation becomes r = a r (1 − e r coshū), so that the outgoing and incoming states are described byū → ±∞.
This corresponds to finite values of the real angle v given by 45) so that (choosing φ 0 = 0 as above)
Taking the cosine of this result, and using the 2PN accurate expressions of e φ , f φ , g φ as functions ofẼ and j 2 [58] then leads to the following explicit 2PN-accurate expression forē(Ẽ, j)
This leads to several possible ways of computing the scattering angle χ as a function ofẼ and j 2 , at the 2PN-accuracy. A first form would be obtained from Eq. (5.40) without any re-expansion, i.e.,
where K(Ẽ, j) = 1 + k(Ẽ, j) is written in Eq. (5.35) above, andē 2 (Ẽ, j) is the polynomial inẼ and j 2 written above.
Alternatively, one might consider re-expanding the result (5.80) as a straightforward expansion in 1/c 2 . This leads to
where Beware that the straightforward PN expansions of k(Ẽ, j) and χ(Ẽ, j) are badly convergent because of the presence of a singularity (where k(Ẽ, j) → ∞ and χ(Ẽ, j) → ∞) along the sequence of unstable circular orbits. Let us recall that, in the (Ẽ, j) plane the sequence of circular orbits is defined by parametric equations of the type (when ν → 0)
The orbits we consider here (either elliptic-like or hyperbolic-like) lie between the two branches defined by the parametric equations above: the lower branch of stable circular orbits (corresponding to 0 ≤ x ≤ x LSO (ν), with x LSO (ν) = [When considering the zero-eccentricity limit, this strategy was used in Refs. [3, 60] , which replaced the singular function K(Ẽ, j) by the smoothly vanishing [57] function K −4 (Ẽ, j).] Let us finally note that the EOB formalism gives an exact integral form for the scattering angle. Indeed, applying the Hamilton-Jacobi method to the EOB Hamiltonian leads to a separated action of the type S (eob) (t, r, φ; E, p φ ) = −Et + p φ φ + drp r (r; E, p φ ) , (5.55) where p r (r; E, p φ ) is obtained by solving the equation H (eob) = E, or, in terms of the µ-reduced effective energỹ H (eff) (using alsor = r/(GM )) The orbit φ(r) is then obtained from using ∂S (eob) /∂p φ = φ 0 =constant. Setting φ 0 = 0 yields It is useful to re-write this result in terms of the inverse radius u = 1/r = GM/r. Introducing
we have
The function U (u) is defined as a real function in the classical domain where the function appearing under the square root in its denominator, say D(u; j, .62) is positive. In the elliptic-like case (Ẽ < 0) this is the case in an interval of the form 0 < u min (Ẽ, j) ≤ u ≤ u max (Ẽ, j), where u min and u max are two positive roots of D(u). In the Newtonian approximation D(u) (Newt) = 2Ẽ + 2u − j 2 u 2 , these two positive roots are
Then the angular period Φ = 2πK is given by an integral over the interval [u min , u max ], namely
When one continuesẼ from negative to positive values, the analytic continuation of u min (Ẽ, j) stays real, but becomes negative. However, nothing wrong happens to the integrand, and one can still consider that the real integral above defines K(Ẽ, j) in the hyperbolic-like case (Ẽ > 0, i.e.,H (eff) /c 2 > 1). [In terms of the usual radial variablê r = 1/u this means that one is taking an integral which goes beyondr = +∞ to formally extend to negative values of the variabler.]
By contrast, the scattering angle χ is directly defined in the hyperbolic-like case (Ẽ > 0) by an integral over the interval 0 ≤ u ≤ u max (Ẽ, j), namely
Here the interval 0 ≤ u ≤ u max (Ẽ, j) corresponds to the radial intervalr min ≤r ≤ +∞, wherer min = 1/u max is the minimum ofr (periastron). By comparing Eq. (5.65) with Eq. (5.64) we see that while K is given by a complete integral (i.e., a period integral, between two successive roots of U (u)), χ is given by an incomplete version of the complete integral (going between a root and u = 0, which is an intermediate point). This explains why the PN expansion of χ(Ẽ, j) has a more complicated analytical structure as a function ofẼ and j 2 [involving arctan(1/ 2Ẽj 2 )], than K(Ẽ, j). Let us finally indicate how one can rather easily compute the explicit quasi-conical equation (see Eq. (5.36)) of the orbit in EOB coordinates. Let us consider the squared differential of the polar angle, dφ 2 = U 2 (u) du 2 . We wish to transform it, by a (2PN-accurate) change of u variable of the form
so that it simplifies (modulo O(ǫ 6 )) to a form involving a quadratic polynomial in u as denominator, i.e.
Here, D(u) ≡ A(u) B(u) = 1−ǫ 2 6 ν u, and we introduced the new energy measure ε (not to be confused with the PN ordering parameter ǫ ≡ 1/c)
It is easy to check that the choice of coefficients
in Eq. (5.66) does yield the simple u-form indicated in the second Eq. (5.67). The coefficients α and β entering the quadratic u-denominator ε + 2 α u − j 2 β u 2 are then found to be (at 2PN accuracy) the following functions of E and j:
(5.70)
[The latter result for β, that we explicitly checked at 2PN, must hold to all PN orders.] The integration of Eq. (5.67) then yields
where, denoting by u 1 and u 2 (u 1 ≤ u 2 ) the two roots of the quadratic u-denominator,
This yields
and 
D. Hyperbolic orbits: radiative effects
Having explained the various ways in which one can compute the scattering angle χ as a function ofẼ and j 2 , in the conservative case, let us now discuss the modification of χ brought by radiation-reaction. We define the supplementary contribution χ (RR) to χ entailed by radiation-reaction by decomposing the total χ as
is the function defined above in the conservative case and we have denoted byẼ − and j − the energy and the angular momentum of the incoming state (considered in the infinite past, t → −∞). We are going to prove the following simple result concerning χ (RR) . When working linearly in the radiation-reaction F i , i.e. modulo terms that are formally quadratic in F i , we can write
where δ (RR)Ẽ and δ (RR) j are the integrated losses of energy and angular momentum, radiated (between t = −∞ and t = +∞) at infinity in the form of the corresponding fluxes Φ E and Φ J . Note that (still modulo terms O(F 2 )) the result (5.74) means that the total scattering angle χ (tot) , in presence of radiation-reaction, can be written as
Moreover, it can also be written (modulo O(F 2 )) as
are the average values ofẼ and j over the incoming and outgoing states. As the radiation-reaction is of PN order
, the accuracy of the results stated above is modulo corrections of PN order O(1/c 10 ). To give a proof of the above statements, one should use the generalized method of variation of constants used in Refs. [26, 56, 61] , which considers the perturbation of the 2PN accurate conservative dynamics by the radiationreaction force. Moreover, one should extend the treatment of these references from the elliptic-like case they consider, to the hyperbolic-like one we are interested in here. This can be done, and yields a straightforward proof of the relations above. Here, for the benefits of simplicity, we shall content ourselves with presenting the proof of these relations in a simplified case where the unperturbed dynamics is treated as being Newtonian, while the perturbing force F i is considered at the fractional 2PN accuracy. We shall, however, indicate the essential reason why the result still holds in the case where both the conservative dynamics and the radiation-reaction are treated more exactly, i.e. with a Hamiltonian of the type
and a radiation-reaction of the type
When considering the simple case where the unperturbed dynamics is Newtonian, we can simplify the calculations of χ (RR) by making use of the famous Laplace(-LagrangeRunge-Lenz) conserved vector. Using scaled variables, r = r/(GM ), j = J/(GM µ),p = p/µ (and, henceforth, dropping both the carets and the tilde's for easing the notation) we have the Laplace vector
where j = r × p and n = r/r. Its time derivative is proportional to the perturbing forceF F F (henceforth we shall also drop the tilde on F F F ) and is given by
If we write F F F in vectorial form, it has the structure
where the crucial information is that the coefficients α and β (which should not be confused with the quantities introduced in the previous subsection) are time-even scalars, i.e., combinations of our usual scalars p 2 , p Let us now decompose all vectors with respect to an orthonormal basis e x , e y , e z , with the x direction along the apsidal line (i.e. with e x a unit vector directed from the origin towards the periastron) and with e z being along the angular momentum: j = je z . We have
so that the two components ofȦ =Ȧ x e x +Ȧ y e y reaḋ A x = αe sin 2 φ + 2β(cos φ + e)
where we used the fact that
The crucial fact we wish to stress is thatȦ x is an even function of φ, whileȦ y is an odd function of φ. [Recall that the scalars α and β are functions of p 2 , p 2 r and 1/r and are therefore even functions of φ.] Remember that we have chosen the origin φ 0 of φ at φ 0 = 0, so that these parity properties of the vectorȦ correspond to simple symmetry properties between the first half of the motion (between infinity and the periastron) and the second half (from the periastron back to infinity). When integrating over time to get (at order O(F )) the total radiationreaction-induced change of A between −∞ and +∞, we deduce (using the fact thatφ = j/r 2 = (1 + e cos φ) 2 /j 3 is even in φ)
will be directed along the x axis. As the unperturbed A vector is simply
we conclude that the effect of radiation-reaction on A amounts to changingonly the magnitude of the eccentricity e, without introducing any further angular rotation in the apsidal line. More precisely, as the magnitude of the perturbed A 2 (t) is given (at any moment) by
whereẼ(t) and j(t) are the instantaneous (Newtonian) values of the energy and angular momentum along the perturbed motion, we conclude that an incoming A vector at t = −∞ of the form
will end up, at t = +∞ with the value
Let us now use these asymptotic results to compute the value of the scattering angle χ (tot) , including the cumulated effect of radiation-reaction. This is done by considering the limits t → ±∞ in the defining expression (5.80) of A(t). Asymptotically, we have
Let us replace any vector V = V x e x + V y e y in the orbital plane by the corresponding complex number V = V x + iV y . In particular, the unit vector n(t) becomes the complex number n(t) = e iφ(t) . Its limiting values are n ± = e iφ± , where φ + = φ(t → +∞) and φ − = φ(t → −∞). It is then easy to find that the asymptotic values of A(t) = A x (t) + iA y (t) are given by
If we then define χ ± (and e ± ) by
we conclude that
Our previous result show that A + has the same argument as A − . Therefore
so that the total scattering angle χ (tot) ≡ φ + − φ − − π (including radiation-reaction) is simply given by
which is the relation that we have indicated above. Let us briefly indicate why this result extends to the case where the unperturbed, conservative dynamics is treated, say, at the 2PN accuracy. In that case one cannot use the Laplace vector because of periastron precession. Instead one can use the version of the method of variation of constants used in Refs. [26, 56, 61] , and adapt it to the hyperbolic case. Then the crucial quantities which encode the effect of radiation-reaction on the scattering angle are the "varying constants" c 1 (t), c 2 (t) and c λ (t) that enter the expression for φ(t) given in Eqs. (32b) and (33b) of Ref. [61] , namely
Here, c 1 (t) and c 2 (t) denoteẼ(t) and j(t), while the third quantity c λ (t) corresponds to a possible additional angular displacement of the apsidal line, beyond the effect linked to the radiation-reaction-driven adiabatic variations ofẼ(t) and j(t). The quantity c λ (t) corresponds in our above simplified treatment to the direction of the vector A(t). We found above that the direction of A(t)
did not include a secular change under the influence of F F F , because of symmetry reasons linked, finally, to the timeodd character of F F F. This fact has a correspondant in c λ (t). Indeed, Ref. [61] found that there were no secular changes in c λ (t) (and c ℓ (t)) precisely because dc λ (t)/dt is an odd function of φ, around the periastron, and remarked that this was linked to the time-odd character of F F F . When applying this result to a scattering situation, one again finds that the total scattering angle will be given by the average of the conservative χ (conserv) (Ẽ, j) over the incoming (Ẽ − , j − ) and outgoing (Ẽ + , j + ) values of the two secularly-evolving "constants,"Ẽ(t) and j(t) (i.e., c 1 (t) and c 2 (t) in the notation of [61] ).
Let us finally give an explicit estimate of the modification
of the scattering angle entailed by radiation-reaction. We will do this calculation at the leading PN order in the value of F F F , i.e., at the O(1/c 5 ) order only. We therefore need the values of the losses of energy and angular momentum during a hyperbolic encounter. From the (Newtonian-order) energy flux at infinity
we compute the integral
along the unperturbed motion, using φ, rather than t, as integration variable, i.e.,
Computing this integral, we find This result agrees with Eq. (2.10) in [62] . Similarly, from the Newtonian angular momentum flux at infinity,
we computed
We find
where φ 0 + (e − ) is the same function as above. As the (conservative) scattering angle is a function of the eccentricity, i.e., the combination e(Ẽ, j) = 1 + 2Ẽj 2 (5.108) ofẼ and j, we are mainly interested in the radiationreaction-driven change in the eccentricity, namely
Using the results above for δ (RR) E and δ (RR) j we find We have also checked this result by computing the change in the Laplace vector A. We find that the φ-derivative of the associated complex quantity A = A x + iA y reads
where the prime denotes a φ-derivative. Inserting the Newtonian orbitr = j 2 /(1 + e cos φ), and integrating between φ − and φ + yields we have ∂χ (conserv) /∂e = −2/(e √ e 2 − 1) so that
Finally, the radiation-reaction contribution to the scattering angle is given by
where Q(e − ) is defined in Eq. (5.111).
VI. SUMMARY AND OUTLOOK
Let us summarize the main results of our work:
1. We have introduced a new approach to the computation of the gravitational radiation-reaction, based on the identities (2.15), (2.16) satisfied by the combined energy and angular momentum flux function Φ EJ , Eq. (2.15).
2. We have computed some "minimal" version of the 2PN accurate radiation-reaction force F F F (x, p) which must be added on the rhs of the Hamiltonian EOB equations of motion when describing general orbits (elliptic-like or hyperbolic-like). The radial, F r , and azimuthal, F φ , components of the radiation-reaction force are explicitly given as functions of the EOB position and momenta by Eqs. (3.62) and (3.63). Our calculations were based on the transformation properties of the three basic scalars
and X 3 ∼ GM/r between the various coordinate systems used in PN theory (harmonic, ADM and EOB).
3. We have also computed the "Schott" contribution to the energy, corresponding to the above minimal construction of F F F . It is given as a function of the EOB position and momenta by Eq. (3.69). In particular, we pointed out that E (schott) does not vanish during quasi-inspiral but is proportional to p r and is given by Eq. (5.7).
4. We provided a new understanding of the gauge freedom in the construction of the radiation-reaction. It is linked to the arbitrary choice of (i) the Schott contribution to the angular momentum, and (ii) the part of the Schott energy which is proportional to the cube of the radial momentum p r . This explains very simply why there exist 2 × 1 arbitrary parameters in F F F at the Newtonian order, 2 × 3 at the 1PN order and 2 × 6 at the 2PN order [and then (n + 1)(n + 2) at n PN order].
5. We pointed out that there is an inconsistency between the assumptions that are standardly used in current implementations of the radiation-reaction force in the EOB formalism, namely Eqs. (5.8) and (5.9). We showed that if one adopts the assumption F φ = −Φ J (which is convenient, and always possible) this essentially determines (during inspiral) a nonzero value for the radial component of the radiation-reaction force, given by Eqs. (5.14), (5.16) and (5.17).
6. We introduced a new way of parametrizing (conservative) hyperbolic orbits in PN theory, by the simple quasi-conic equation (at 2PN 1) and emphasized that the two quantitiesē ("eccentricity") and K ("periastron advance") are gauge invariant. The gauge-invariant eccentricityē is related to the scattering angle χ and to K via Eq. This result might be used to subtract the effect of radiation-reaction on the scattering angle obtained in numerical simulations, by using only numerical data in the asymptotic domain at infinity. We also gave an explicit expression, at leading order in 1/c, for the additional contribution to the scattering angle due to radiation-reaction, see Eq. (5.116).
Finally, let us point out some of the future research directions that would complete our results:
(a) In the present work we have not included the effects of tails on the radiation-reaction. We plan to treat this issue in a future publication.
(b) Here we obtained the components of the radiationreaction force F F F in the form of a standard, nonresummed PN expansion.
However, the current most successful implementations of the EOB formalism make a crucial use of efficient resummations of F φ , in the circular limit. It would be interesting to concoct resummation schemes in the more general context considered here. For instance, in the case of slightly elliptic orbits one might hope to improve the numerical validity of our PN-expanded F i 's by first factorizing the "circular part" of these components, and re-summing them by the method introduced in [14] . We gave some partial results towards this goal in Sec. IV.
(c) Let us finally mention that, in order to have a complete EOB formalism for general orbits, there remains the problem of expressing the emitted gravitational waveforms in terms of the EOB phasespace variables. The transformation formulas we provided should be also useful in this respect.
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where 
Note that we are listing here and below the independent components of the symmetric "tensor" C A1.
..An .
When explicitly effecting the multisummations present in the contractions C A1...An X A1...An (with X A1...An = X A1 . . . X An ) they appear multiplied by the symmetry factors of Eq. (3.25), namely 
where (excluding tail terms) can be written as
From Hamilton's equations we havė
In X e A variables we havė
whereĈ
The minimal gauge expression for the Schott energy is given by the first of Eqs. (3.69) , that is
where X e 2 denotesp r (with its sign), .
The minimal gauge expression for the azimuthal component of the radiation reaction force is given by the third of Eqs. (3.69) , that is F
where In PN theory there exist at least three different coordinate systems that are largely used: harmonic (h), ADM (a) and EOB (e). Each of these systems has its own utility and we shall discuss here their transformation laws at the 2PN order. We work with the scaled position variables q h = x h /(GM ), q a = x a /(GM ), q e = x e /(GM ) and similarly for velocity or momentum (per unit reduced mass) variables, which are simply denoted by p h , p a , p e without recalling the tilde notation.
Phase space variables associated with harmonic coordinates are only (q h , v h ) (no ordinary Hamiltonian exits in this case), whereas for the ADM and EOB cases one has either (q a , v a ) and (q e , v e ), respectively or (q a , p a ) and (q e , p e ). With each choice of phase space variables (h,a, or e) is associated a family of fundamental scalars, that is for example
where n h = q h /q h , etc. We list below the main transformation laws among phase space vectors as well as funda-mental scalars.
ADM vs harmonic coordinates
ADM vs harmonic phase space vector 2PN-transformations are the following: 
3) n h ↔ n a n h = n a + 9 4q a νǫ 
Concerning the transformation of fundamental scalar quantities, we recall once more the notation introduced in Sec. II, namely X
,. The same notation for the ADM variables leads, as explained before, to the two possible choices 
and finally 
and finally (n e · p e )n e
Let us consider now the transformation law of the fundamental scalars X 
• Hyperbolic orbits Transition to the hyperbolic case is accomplished by the substitution
in the elliptic case relations, so that n(t −t 0 ) = −ū + e 0 sinh(ū) r =â 0 (1 − e 0 cosh(ū)) 
The "parameter" p entering the polar form of the orbits is still given by p = j 2 =â 0 (1 − e 2 0 ) .
The scattering angle is given by [54] tan χ 2 = 1
where e 0 ≡ 1 + 2Ẽj 2 . Note also the equivalent relations (whose 2PN analogs we often use in the main text)
The scattering angle can also be expressed in terms ofr (min) andp (max) . Indeed, at the point of minimal distance (periastron) r = r (min) one hasp r = 0 andp (max) =p φ /r min = jGM/r min = j/r (min 
The condition for the left hand side of Eq. (F43) to differ from 1 only within some precision ε = 10 −N is then 
